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When a collection of quantum emitters interacts with an electromagnetic field, the whole system
can enter into the collective strong coupling regime in which hybrid light-matter states, i.e., polari-
tons can be created. Only a small portion of excitations in the emitters are coupled to the light
field, and there are many dark states that, in principle, retain their pure excitonic nature. Here we
theoretically demonstrate that these dark states can have a delocalized character, which is inherent
to polaritons, despite the fact that they do not have a photonic component. This unexpected be-
havior only appears when the electromagnetic field displays a discrete spectrum. In this case, when
the main loss mechanism in the hybrid system stems from the radiative losses of the light field, dark
states are even more efficient than polaritons in transferring excitations across the structure.
PACS numbers: 71.35.-y, 42.50.Pq, 42.50.Ct, 71.36.+c
The ability to create and engineer hybrid light-matter
states, i.e., polaritons, can bring together the most ad-
vantageous properties of both worlds, such as the high
speed and delocalization of photons together with the
stability and interacting character of matter excitations
[1]. In order to create such hybrid light-matter states,
it is usually necessary to reach the so-called collective
strong coupling (CSC) between a light field and an en-
semble of quantum emitters (QEs). This CSC regime is
characterized by the coupling of the electromagnetic field
to a set of states in the ensemble (the bright states) form-
ing the polaritons [2]. However, many states of the QEs
stay uncoupled to the photons and are thus called dark
states. Since its first experimental demonstration with
Rydberg atoms [3], CSC has been reached in a variety
of systems, ranging from atomic beams to ion Coulomb
crystals and organic materials [4–11]. Polaritons display
a wide range of basic phenomena such as superfluidity
[12], Bose-Einstein condensation [13], or lasing [14]. Be-
sides fundamental prospects, polaritonic systems are also
interesting for many applications that cover, among oth-
ers, future quantum technologies [15–17], both light har-
vesting [18, 19] and transport of energy and charge in
organic materials [20–22], and even control of chemical
reactions [23].
Despite the great deal of attention received by polari-
tons, the uncoupled dark states have often been ignored
as they are assumed not to benefit from the light-matter
coupling. Indeed, these pure matter states are consid-
ered only a source of losses for polaritons [24], their po-
tential applications being limited to passive operations
such as qubit storage [25]. In this Letter, we challenge
this standard view of dark states as passive elements in
the CSC regime. First, we study an extended system
in which the electromagnetic (EM) spectrum is contin-
uous. Compatible with the customary picture described
above, we show that the wavefunction associated with
the dark modes is strongly localized. We then analyze
the case of a photonic nanostructure that supports a dis-
crete EM spectrum where, as opposed to the previous
case, the wavefunction of the dark states displays a de-
localized character, similar to that exhibited by polari-
tons. Moreover, we also demonstrate that if the main loss
mechanism of the system resides within the EM modes,
dark states can be much better excitation carriers that
their polariton counterparts.
In this work we consider a very general light-matter
system, where we define a set of photonic modes with
energies ωα and creation operators a
†
α. These modes in-
teract with an ensemble of N QEs with energies j and
fermionic operators σj . According to the dipole approx-
imation, the coupling rate is proportional to both the
dipole moment of the QEs and the electric field ampli-
tude, gjα = −µj · Eα(rj). The system is described by
an extension of the Jaynes-Cummings Hamiltonian [26]
(~ = 1),
H0 =
∑
j
jσ
†
jσj +
∑
i,j
Vij
(
σ†iσj + σ
†
jσi
)
+
∑
α
ωαa
†
αaα +
∑
j,α
(
gjασ
†
jaα + g
∗
jασja
†
α
)
,
(1)
where in the second term we include the dipole-dipole in-
teraction between the emitters, Vij . In order to describe
the losses in both QEs and light modes, both energies
j and ωα contain a non-hermitian imaginary part [26].
Under driving, the full Hamiltonian of the system will be
H = H0 + V (t), where V (t) describes a weak coherent
pump of the first QE in the ensemble,
V (t) = Ωp cos(ωLt)f(t)
(
σ†1 + σ1
)
, (2)
Ωp  1 being the pump strength. The modulation func-
tion, f(t), is assumed to vary slowly in time such that the
pulse is quasi-monochromatic. We will employ the pump
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2V (t) to introduce excitations in the system in a controlled
way, in order to study the steady-state properties of the
wavefunction.
For illustrative purposes, we will study two particular
EM environments, namely the plasmon modes supported
by an infinite silver nanowire (continuous EM spectrum)
and those corresponding to a silver nanoparticle (discrete
spectrum), but we stress that our findings are very gen-
eral. Both metallic structures are described as cylinders
of radius r0 = 55 nm lying along the z axis, charac-
terized by a Drude-Lorentz permittivity εm(ω) [27], and
embedded in a dielectric with εd = 2.4. The plasmon
eigenmodes of the nanowire can be analytically calcu-
lated [2], whereas the localized surface plasmon (LSP)
modes supported by the nanoparticle have been obtained
numerically by using a Finite Element Method software
(COMSOL Multiphysics). In order to comply with the
full quantum description in Eq. (1), the calculated plas-
mon modes have been adequately quantized [27]. As for
the QEs surrounding both structures, we choose as an ex-
ample similar parameters than J-aggregated molecules at
room temperature [29–31], namely energy Re [j ] = 1.4
eV, dipole moment |µj | ≈ 0.75 e · nm, and decay rate
Im [j ] = −0.5 meV. For simplicity, we assume they are
homogeneously distributed on a cylindrical layer 35 nm
above the metallic surface, with a first neighbor distance
of 3 nm, and dipole moments oriented radially.
Let us first analyze the case of an infinitely long
nanowire (NW). The dispersion relation of this struc-
ture is shown in Fig. 1a (red line), along with the cor-
responding polariton dispersion (blue lines). Note that
the system is in the CSC regime, since the energy separa-
tion between the two polaritons at the anticrossing point
(kz ≈ 12 µm−1), known as Rabi splitting, is much larger
than the plasmon losses Im(ω), shown in Fig. 1b. In this
case, such losses originate from absorption in the metal,
and give rise to a finite plasmonic propagation length,
displayed in the green curve in Fig. 1b.
For the infinite NW system, we emulate the contin-
uum nature of the EM spectrum by imposing periodic
boundary conditions over a 30 µm long unit cell, con-
taining N = 1.88 × 106 QEs. We choose a finite du-
ration pump pulse, f(t) = e−(t/τ)
2
, where the pump
is kept quasi-monochromatic through a very small fre-
quency window, τ−1 = 0.01 eV. Since the pumping rate
Ωp is very weak, the system wavefunction is calculated
by standard perturbation theory [27]. The solid lines in
Fig. 1c show the spatial distribution of the QE pop-
ulation |ψem(x, t)|2, at three different times, when the
pump is tuned at the frequency of the dark states, i.e.,
ωL = 1.4 eV. In this case, the wavepacket is localized at
the origin x = 0, and the probability spreads along the
system in a diffusive manner due to the widening of the
initial distribution. Both the strong localization and the
diffusive behavior of the wavepacket are expected since
the pump frequency lies on a flat region of the dispersion
FIG. 1: (Color online) a) Plasmon dispersion relation of
the infinite nanowire (red) and the corresponding polaritons
(blue). b) Decay rate (black) and propagation length (green)
of the plasmons supported by the nanowire. The inset shows
the electric field norm of the fundamental mode at 1.4 eV.
c) Spatial distribution of the system wavefunction at differ-
ent time intervals. Solid lines represent the diffusive behavior
when pumping the flat region of the band, ωL = 1.4 eV.
Dashed lines show a polariton propagating along the system
(ωL = 1.2 eV).
relation, where the group velocity is practically zero, and
the associated modes have a purely excitonic, i.e., local-
ized character. Naturally, when the pump frequency lies
on a region of non-zero group velocity (ωL = 1.2 eV), a
polariton propagates through the whole nanowire thanks
to its photonic component, as visualized by the dashed
lines in Fig. 1c.
The spatial extension of dark states, however, is very
different when the ensemble of QEs interacts with a dis-
crete set of electromagnetic modes. In order to illustrate
this, we consider a cylindrical nanoparticle (NP) 300 nm
long, terminated by two hemispherical caps as depicted
schematically in Fig. 2a. In the same panel we display
the first 9 eigenfrequencies of this structure as a function
of mode index n, whereas their corresponding electric
field norms are shown in Fig. 2b. Note that the sec-
ond EM mode, n = 2, is resonant with the QEs, i.e.,
ω2 = 1.4 eV. The number of emitters in this system is
N = 1.88 × 104, maintaining the same density as in the
infinite nanowire case. Finally, a purely monochromatic
pulse is chosen, i.e., f(t) = 1, which, as a result of the
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FIG. 2: (Color online) a) Numerical results for the real (red)
and imaginary parts (black) of the eigenmode frequencies of
the metallic nanoparticle. b) Norm of the electric field for the
corresponding eigenmodes, which are labeled by the mode
index n. In our calculations we assume that the n = 2 mode
is resonant with the excitations in the QEs and this mode is
highlighted in both panels.
various loss mechanisms, will eventually lead the system
into its steady state. We have calculated the steady-state
wavefunction |ψ〉 both with and without dipole-dipole in-
teraction Vij , in order to have a more complete picture.
In the former case, we account for disorder by performing
a statistical average over 104 realizations, each of them
including a random inhomogeneous broadening in the en-
ergy of the QEs, j → j + ∆j . The random broadening
rate ∆j ∈ [−γφ, γφ] is bound by the dephasing rate of
J-aggregated molecules (γφ ∼ 25 meV) [30].
Let us consider first the case where only the resonant
LSP mode (n = 2) is included in Eq. (1). For this situ-
ation and neglecting dipole-dipole coupling between the
QEs, we render in Fig. 3a (blue curve) the steady-state
population of the QEs lying farthest from the pump re-
gion, |〈N |ψ〉|2, as a function of the pump frequency ωL.
Notice that similar plots displaying a clear three-peak
spectrum are obtained for the populations of every emit-
ter in the ensemble. Therefore, the three maxima in the
figure correspond to extended states, where the popu-
lation is largely delocalized across the system. The two
peaks at higher and lower energies are associated with the
wavefunctions of the two polaritons, which inherit the de-
localized character of the photonic excitations thanks to
their hybrid nature. However, the emergence of a peak
located at the frequency of the dark states implies that
the population of these modes also extends over the whole
system. Notably, this population is several orders of mag-
nitude larger than those of the two polaritons. This is
FIG. 3: (Color online) Steady-state population of the final
emitters in the chain, as a function of the pump frequency ωL.
a) Situation in which only the resonant photonic mode n = 2
is taken into account. b) Same results when including all the
modes. Red (Blue) lines show the case where nearest-neighbor
dipole-dipole interaction is (not) included in the Hamiltonian.
in sharp contrast with the results obtained for an infi-
nite NW, in which the wavepacket of the dark states was
localized just around the pump region.
A peak in the population spectrum related to the dark
states remains when the dipole-dipole interaction is taken
into account, as shown by the red curve in Fig. 3a. As
this peak in the population is a fingerprint of the delo-
calized character of the associated wavefunction, we can
safely conclude that interactions within the dark sub-
space do not destroy the extended nature of the dark
states in this confined EM system. Moreover, the delo-
calized character also persists when several EM modes
supported by the NP are included in the Hamiltonian,
as demonstrated in Fig. 3b. In this case, the additional
plasmon modes form new polariton states that appear as
new peaks in the population. The majority of these new
polaritons, namely those largely detuned with respect to
the energy of the QEs, have a very small photonic compo-
nent and thus form a band at around 1.16 eV. Although
the population spectrum is modified due to the presence
of several EM modes in the system, the larger population
associated with the dark modes as compared to those of
the polaritons is maintained when the full spectrum of
the EM environment is taken into account. This implies
that our main finding, namely that dark states can in-
herit the delocalized character of the polaritons despite
the fact they do not directly interact with the photonic
modes, is very robust against both dipole-dipole inter-
actions between the QEs and light fields that support
several discrete EM modes.
To provide an analytical foundation for our main find-
4ing, we now elaborate a simple model that is able to
capture the basic ingredients of the interaction of an en-
semble of QEs with a photonic structure that displays a
discrete EM spectrum. In this model we neglect dipole-
dipole coupling and only consider a single EM mode
since, as shown in Fig. 3, these two effects play a mi-
nor role in the physical phenomenon under study. We
also assume that, as in the numerical calculations pre-
sented above, the EM mode is resonant with the excita-
tions within the QEs. In this simple case, the eigenstates
of the unperturbed Hamiltonian H0 are formed by the
(N − 1) dark states |D〉, and the upper and lower po-
lariton |UP〉 and |LP〉, respectively. The former have the
same energy as the bare QEs, j ≡ 0 − iγ0/2, where
we have explicitly separated the real part from the loss
rate of the QEs, γ0. On the other hand, within the CSC
regime (
√
Ng  γ0, γm), the energies of the states |UP〉
and |LP〉 are given by ± ≈ 0 − i(γ0 + γm)/4 ±
√
Ng,
where γm is the loss rate of the light mode, and g is the
coupling rate of such mode to each of the QEs, which is
assumed to be equal for all of them. The whole set of
eigenstates of H0 forms a complete set, i.e.,
|UP〉〈UP|+ |LP〉〈LP|+
∑
D
|D〉〈D| = 1. (3)
To analyze the dynamics, we start with the general
expression for the system wavefunction |ψ(t)〉 that, to
first order in the perturbative parameter Ωp, reads [27]
|ψ(t)〉 = |0〉 − ie−iH0t
∫ t
0
dt′eiH0t
′
V (t′)|0〉. (4)
By introducing the closure relation, Eq. 3, into Eq. A.21,
we can calculate the population probability amplitude for
a generic emitter j, i.e., pj = 〈j|ψ(t)〉, where |j〉 ≡ σ†j |0〉.
In the steady state, this magnitude is given by
pj = −Ωp
2
e−iωLt
( 〈j|UP〉〈UP|1〉
0 − ωL +
√
Ng − i(γ0 + γm)/4
+
〈j|LP〉〈LP|1〉
0 − ωL −
√
Ng − i(γ0 + γm)/4
+
∑
D
〈j|D〉〈D|1〉
0 − ωL − iγ0/2
)
. (5)
According to Eq. 5, the population |pj |2 will display
three well-separated Lorentzian peaks centered at 0 and
0 ±
√
Ng, respectively. Therefore, Eq. 5 is able to ac-
count for the numerical results as displayed in Fig. 3a. It
is also straightforward to calculate the ratio between the
population peak height associated with the dark modes
and those associated with each of the two polaritons; this
ratio is proportional to (1 + γm/γ0)
2. In the case under
study, loss associated with the predominant EM mode of
the NP (γm ≈ 100 meV, see Fig. 2a) is much larger than
the loss rate of the QEs (γ0 ≈ 1 meV). This explains
why the population peak of the dark modes in Fig. 3a is
four orders of magnitude higher than the heights of the
polariton peaks. It is interesting to note that in the op-
posite limit, γ0 >> γm, our analytical formula predicts
similar heights for the three population peaks.
Finally, we can also understand the process of dark-
state delocalization by first considering ωL ≈ 0 and in-
troducing also the closure relation Eq. 3 into Eq. 5,
obtaining
pj
∣∣
(ωL≈0) ∝
〈j|UP〉〈UP|1〉+ 〈j|LP〉〈LP|1〉
0 − ωL − iγ0/2 . (6)
This expression shows that dark-state population can be
expressed as a function of the two polaritons only. Since
both these polaritons are spatially extended, dark states
are therefore constrained to display the same delocalized
behavior. Note that this is not a property of any partic-
ular dark state but of the dark subspace as a whole. In
other words, by strongly coupling the QEs to a discrete
electromagnetic mode, one extended state is removed
from the QEs Hilbert space. This leaves an imprint on
the remaining dark subspace, which hence inherits the
delocalized character of the polaritons. Importantly, the
dark states only acquires the delocalized nature of the
polaritons but not their associated losses. As the dark
modes do not couple with the EM modes, their losses are
only governed by the loss rate of the QEs. When these
loss rates are smaller than the radiative losses of the EM
modes, dark modes become more efficient in transferring
excitations across the system than polaritons.
To conclude, in the collective strong coupling regime of
an electromagnetic field to an ensemble of emitters, not
only the polaritons but also the dark states can feature a
delocalized behavior across the system. This unforeseen
result, given the fact that dark states are uncoupled to
light, is of a very general nature requiring only the dis-
crete character of the relevant electromagnetic spectrum.
While dark states delocalization is inherited from the cor-
responding polaritonic behavior, losses are not. This is
very advantageous when the population decay is domi-
nated by photon absorption. Resonant structures with
low to moderate quality factors can thus find a broad
range of applications thanks to this different perspective
on the properties of strongly coupled systems.
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1Supplemental Material
CALCULATION OF THE PLASMON
EIGENMODES.
In order to calculate the eigenmodes supported by the
two plasmonic structures described in the main text, we
use a Drude-Lorentz model for the silver permittivity,
(ω) = ∞ −
ω2p
ω(ω + iγD)
−∆ Ω
2
P
ω2 − Ω2P + iωΓP
, (A.1)
where the parameters ∞ = 3.91, ωp = 8.833 eV, γD =
0.0553 eV, ∆=0.76, ΩP =4.522 eV, and ΓP =8.12 eV are
taken from Ref. [1]. For simplicity, we solve the eigen-
value Maxwell Equations for the lowest energy branch
m = 0. Here, m represents the azimuthal number la-
beling any solution of an eigenmode equation in cylin-
drical coordinates (ρ, z, φ). Such value determines the
azimuthal dependence of the solutions (in this case,
the electric and magnetic fields) through E(ρ, z, φ) =
E(ρ, z)eimφ.
In the case of the nanowire, the dispersion ω(κ‖) is
extracted from the standard trascendental mode equa-
tion [2]. Although usually the solution is expressed in
terms of a real frequency and an complex parallel mo-
mentum, here we solve for a real wavevector k‖ and com-
plex ω in order to comply with the picture introduced
by the Hamiltonian (1) in the main text. With this con-
vention, the calculation of the propagation length can
still be carried out by using the group velocity vg =
∂(Re[ω])/∂k. Indeed, we can employ the substitution
e−x/2Lp = e−xIm[k] → e−xIm[ω]/vg to extract the plas-
mon propagation length as Lp = (∂(Re[ω])/∂k)/2Im[ω].
Finally, once the dispersion relation is determined, the
nanowire modes can be extracted by using the analytical
solution in terms of Bessel and Hankel functions [2].
For the nanoparticle, on the other hand, the lower en-
ergy eigenmodes have been calculated numerically. For
large frequencies, however, the eigenenergies grow closer
to each other, and the numerical computation becomes
increasingly challenging. We avoid this problem by not-
ing that, in the high energy limit, the relevant modal
properties of the localized nanoparticle can be extracted
from the modes of the infinite nanowire. This is demon-
strated in Fig. 1a, which compares the dispersion relation
of both systems. For the nanoparticle, the allowed values
of k‖ have been extracted from the standing wave pat-
terns of the electric field in our calculated low frequency
eigenmodes (see e.g. Fig 2a of the main text). Since both
curves converge to each other in the high energy limit, we
can extrapolate the first LSP modes for large frequencies
by using the analytical solutions for the nanowire.
The calculation of the n−th mode of the nanoparticle
thus starts by obtaining its parallel wavevector k‖, by
FIG. 1: (color online) Comparison of the eigenmodes of the
nanoparticle and the infinite nanowire. a) dispersion relation.
b) radial field amplitude 35 nm above the cylindrical surface.
a direct extrapolation of the corresponding low energy
values. This is straightforward, as k‖ depends linearly on
n. After, we introduce such wavevector in the dispersion
relation for the infinite nanowire, in order to obtain the
eigenfrequency of the mode, Re[ωn]. The imaginary part
of ωn is not accurately described by the NW solution,
since the field concentrated around the two semispherical
caps makes the nanoparticle modes much lossier than
the NW plasmons. However, we have checked that the
particular values of Im[ωn] (n  1) do not affect the
physics of our system, as high-energy modes are poorly
coupled to the QEs and their decay rates play a minor
role in the dynamics.
Finally, it is necessary to find the electric field in a
cylindrical layer surrounding the nanoparticle, i.e. the
surface where the QEs will lie. Assuming that the
nanoparticle is centered at the origin, the following ex-
trapolation is an excellent approximation for −L/2 ≤
z ≤ L/2 and n > 2,
E ≈
{
E0(n) cos(k‖(z − L/2)) for n odd
E0(n) sin(k‖(z − L/2)) for n even, (A.2)
where E0(n) is a field amplitude, dependent on the radial
position ρ of the considered surface. When this coordi-
nate is equal to the separation of the QEs to the metallic
surface (ρ = r0 + 35 nm), the field amplitude E0(n) is
very well approximated by the solutions of the infinite
NW, as we show in Fig. 1b. Note, finally, that the field
intensity, and consequently the coupling rate gjn, decays
exponentially for large energies, and therefore we can re-
produce the effect of all the nanoparticle eigenmodes with
a finite number of modes in the Hamiltonian.
2QUANTIZATION OF THE EM FIELDS.
In the main text, the electromagnetic fields of the plas-
mon eigenmodes are calculated by solving the classical
Maxwell equations. As in any eigenvalue problem, how-
ever, the obtained classical electric and magnetic fields
{Ecl,Hcl} are multiplied by an arbitrary normalization
constant. Through the quantization procedure we fix
such constant in order to introduce the electromagnetic
fields in the quantum Hamiltonian (Eq. 1 in the main
text). We start by assuming the following general shape
for the quantum field operators of each mode, Eˆ and Hˆ,(
Eˆ
Hˆ
)
= C
(
Ecl
Hcl
)
a+ C∗
(
E∗cl
H∗cl
)
a†. (A.3)
Here, a† and a are the mode creation and annihilation
operators, respectively, and C is the normalization con-
stant to determine. Next, we need to define the classical
electromagnetic energy U . This energy is well approxi-
mated by [3]
U ≈
∫
dV
(
0
2
d (ωεj(ω))
dω
∣∣∣∣
ωα
Ecl ·E∗cl +
µ0
2
Hcl ·H∗cl
)
,
(A.4)
where εj is the permittivity of each medium, and ωα is
the frequency of the eigenmode. Note that the above
expression assumes the losses in the metal to be low, i.e.
Im[εm] Re[εm], a very accurate approximation for low
frequency modes. Although for high energy modes Eq.
A.4 becomes less accurate, this does not affect the system
dynamics since such modes are poorly coupled to the QEs
and therefore play a minor role.
The next step in the quantization procedure con-
sists in applying Bohr’s correspondence principle to the
classical energy and the quantum Hamiltonian Hˆ, i.e.
we perform the substitution {U,Ecl,E∗cl,Hcl,H∗cl} →
{Hˆ, Eˆ, Eˆ†, Hˆ, Hˆ†} in Eq. A.4. After expanding, we ob-
tain
Hˆ = 2U |C|2
(
a†a+
1
2
)
, (A.5)
where we have dropped terms proportional to a2 and(
a†
)2
, whose contribution is negligible in the low loss
limit. The above Hamiltonian has the usual harmonic
oscillator form, where we can identify the normalization
constant as
~Re [ωα] = 2U |C|2 −→ C =
√
~Re [ωα]
2U
. (A.6)
thus, in order to determine C from the classical modes
we only need to calculate the classical energy U through
a volume integral. In the infinite nanowire, such integral
is taken along a whole periodic unit cell.
CALCULATION OF THE SYSTEM
WAVEFUNCTION.
For the numerical calculation of the wavefunction in
both nanostructures, we use a reduced Hamiltonian since
the large number of QEs greatly increases the computa-
tion time. In order to do so, we note that the QEs are
regularly distributed in identical rings along the longi-
tudinal coordinate of the cylinder, z. As we work in
the weak driving regime Ωp  1 and the initial state is
the vacuum, the system will never abandon the single-
excitation subspace, and we can therefore replace the en-
semble of QEs in the Hamiltonian by a single chain of
sites along the z axis, each site describing a whole ring of
QEs. In this picture, the original Hamiltonian must be
expressed in terms of the operators
σ˜j =
1√
nR
nR∑
l∈ ring j
σ(l)j , (A.7)
which describe a collective excitation in the ring j with
the same angular distribution as the plasmon field, i.e.
m = 0. In the equation above, nR is the total number
of emitters in the ring, and σ(m)j describes the fermionic
annihilation operator for the emitter m inside the ring j.
Let us express the Hamiltonian H0 as a function of these
collective operators. First, the energy of the bare QEs
does not change since
∑
j
jσ
†
jσj
 σ˜†j′ |0〉 = j′ σ˜†j′ |0〉, (A.8)
where we assume all the QEs belonging to a given ring
are identical. The above expression allows us to write the
corresponding contribution to the Hamiltonian in terms
of a sum not over all the emitters but over the different
rings, i.e.
∑
j
jσ
†
jσj =
∑
r
rσ˜
†
rσ˜r (A.9)
where we explicitly use r to describe an index running
along all the rings in the ensemble.
The interaction terms in the Hamiltonian, on the other
hand, are modified. First, noting that the coupling gjα is
the same for all the QEs in a given ring, the term in H0
describing the light-emitter coupling can be expressed as
3∑
jα
gjασ
†
jaα ≡
∑
ring j,α
gjαaα
 nR∑
m∈ ring j
σ†(m)j
 = √nR ∑
ring j,α
gjασ˜
†
jaα =
∑
r,α
(
√
nRgrα) σ˜
†
raα, (A.10)
i.e. this contribution to the Hamiltonian keeps its origi-
nal form, with a new coupling intensity
√
nR times larger
than the original. Finally, the total dipole-dipole inter-
action can also be expressed as a sum over rings as
Hdd =
∑
ring a
∑
ring b
nR∑
m∈ ring a
nR∑
n∈ ring b
σ†(m)aσ(n)bV
mn
ab
(A.11)
The dipole-dipole interaction between rings, V˜ij , is thus
defined through the following overlap,
V˜ij = 〈0|σ˜iHddσ˜†j |0〉 =
1
nR
nR∑
m∈ ring i
nR∑
n∈ ring j
V mnij ,
(A.12)
where the usual anticommutation relations have been
used for the fermionic operators of the QEs. Since our
system is axially symmetric, each sum in i gives exactly
the same result, and hence we can express the ring-ring
interaction as
V˜ij =
nR∑
n∈ ring j
V 0nij ≡
∑
n∈ ring j
V nij . (A.13)
According to the above formula, the dipole-dipole inter-
action between rings i and j is the sum of the dipole-
dipole coupling between one emitter of ring i and each
of the QEs inside ring j. The final expression for the
Hamiltonian Hdd is therefore
Hdd =
∑
r
∑
r′
V˜rr′ σ˜
†
rσ˜r′ +H.c. (A.14)
By performing the substitutions above we recover a
Hamiltonian with the same shape as the original one, H0,
in which both dipole-dipole interaction and QE-emitter
couplings are modified such that every site in the Hamil-
tonian accounts for a whole ring of QEs.
For the analytical calculation of the wavefunction in
the nanoparticle case, we start by explicitly extracting
the small parameter Ωp from the pump Hamiltonian,
V (t) = ΩpVp(t), (A.15)
where the time-dependent pump is given by
Vp(t) = cos(ωLt)
(
σ†1 + σ1
)
. (A.16)
We proceed by expanding the system wavefunction to
first order in the weak pump intensity Ωp,
|ψ(t)〉 = |ψ0(t)〉+ Ωp|ψ1(t)〉+O(Ω2p), (A.17)
where the first term in the expansion represents the evo-
lution of the initial state, |ψ(0)〉, by the unperturbed
Hamiltonian,
|ψ0(t)〉 = e−iH0t|ψ(0)〉. (A.18)
The next step is to apply the time-dependent Schro¨dinger
equation to the state in Eq. A.17. By keeping only the
linear terms in Ωp, the equation reduces to
i (∂/∂t) |ψ1(t)〉 = Vp|ψ0(t)〉+H0|ψ1(t)〉. (A.19)
It is possible to eliminate the second term above by ex-
pressing the equation in the interaction picture. Then,
we can formally integrate both sides of the equality and
transform back into the Schro¨dinger picture, obtaining
|ψ1(t)〉 = −ie−iH0t
∫ t
0
dt′eiH0t
′
Vp(t
′)|ψ0(t)〉. (A.20)
Finally, we assume the system is initially in the ground
state, |ψ(0)〉 = |0〉, which by definition has zero energy.
Then, the final expression for the wavefunction takes the
simple form
|ψ(t)〉 = |0〉 − iΩpe−iH0t
∫ t
0
dt′eiH0t
′
Vp(t
′)|0〉, (A.21)
as seen in the main text.
Once the wavefunction has been calculated, it is
straightforward to determine the probability amplitude
pj = 〈j|ψ〉,
pj = −iΩp〈j|e−iH0t
∫ t
0
dt′eiH0t
′
cos(ωLt
′)|1〉, (A.22)
where we have substituted the expression for Vp(t) (Eq.
A.16). We now introduce the closure relation
∑
 |〉〈| =
1, where |〉 are the eigenstates of the unperturbed Hamil-
tonian H0. After a simple integration, we obtain
pj =− iΩp
2
∑

〈j|〉〈|1〉×(
eiωLt − e−it
+ ωL
+
e−iωLt − e−it
− ωL
)
.
(A.23)
In the expression above, we can neglect the off-resonant
terms∝ (+ωL)−1. Additionally, since all the eigenstates
of the Hamiltonian suffer from losses, in the steady state
limit t → ∞ the exponentials e−it vanish. Therefore,
the steady-state amplitude can be expressed as
pj ≈ −iΩp
2
e−iωLt
∑

〈j|〉〈|1〉
− ωL , (A.24)
4an equivalent expression to Eq. 5 in the main text.
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